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Abstract

This paper establishes the almost sure convergence and asymptotic normality of quasi maximum-likelihood
(QML) estimators of a dynamic panel data model when the time series for each cross section is short. The
QML estimators are robust with respect to initial conditions and misspecification of the log-likelihood, and
results are provided for a general specification of the error variance-covariance matrix. The paper also pro-
vides procedures for computing QML estimates that improve on computational methods previously recom-
mended in the literature. Moreover, it compares the finite sample performance of several QML estimators,

the differenced GMM estimator, and the system GMM estimator.
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1 Introduction

Dynamic panel data models are often estimated with samples for which the number of cross sections ()
far exceeds the number of available time periods (7). When 7 is small, straightforward application of
maximum-likelihood can yield unreliable estimates, a fact that has been known for over forty years (see,
e.g., Nerlove 1971). Recently, however, papers by Phillips (2010) and Kruiniger (2013) have shown how
quasi maximum-likelihood (QML) can produce consistent and asymptotically normal estimators when the
model contains lagged dependent variable regressors and 7 is small. Indeed, these QML estimators can
perform well in situations where generalized method of moments (GMM) estimators do not. For example,
unlike the differenced GMM estimator introduced by Arellano and Bond (1991), the QML estimators de-
scribed in Phillips (2010) and Kruiniger (2013) have little finite sample bias even for small 7" and significant
persistence in the dependent variable (see Phillips 2010; Kruiniger 2013).

This paper makes several contributions to this nascent literature on QML estimation. I examine two
approaches — levels and differenced QML — to estimating the parameters of a pth-order dynamic panel
data model. The model studied includes p lags of the dependent variable as well as other explanatory vari-
ables. The QML estimators of the parameters of the model are robust with respect to initial conditions and
misspecification of the log-likelihood, but they are not robust with respect to misspecification of the uncondi-
tional error variance-covariance matrix. Therefore, for the most general error variance-covariance matrices
possible, I provide large-sample results for N — oo with T fixed. By considering general error variance-
covariance matrices, the analysis subsumes, as special cases, error models appearing in the literature as well
as cases not yet examined.

The paper also shows how QML estimates can be calculated by iterated feasible generalized least squares
(IFGLS) procedures, both when the error variance-covariance matrix is unstructured and when well-known
structured error variance-covariance matrices are assumed. Phillips (2010) provided an IFGLS procedure for
computing QML estimates while assuming a specialized error variance-covariance matrix. Unlike in Phillips
(2010), however, here I provide IFGLS procedures based on the expectation-conditional maximization either
(ECME) algorithm. Monte Carlo evidence illustrates that an ECME algorithm more reliably computes QML
estimates than the IFGLS procedure described in Phillips (2010).

Finally, using simulated data, the finite sample behavior of several QML estimators — both differenced

and in levels — are compared, and their finite sample behavior is compared to the differenced GMM esti-



mator, the system GMM estimator (Blundell and Bond 1998), and ordinary least squares (OLS) applied to
an augmented model. Although OLS is inconsistent, it is included in the experiments to illustrate that, when
most of the correlation in the regression errors is removed via a control function, its sampling performance

can improve on GMM and QML estimators.

2 QML via Regression Augmentation

Since Anderson and Hsiao (1981) it has been known that whether or not application of maximum-likelihood
to a dynamic panel data model will yield a consistent estimator, as N — oo with 7T fixed, depends on
initial conditions. Unfortunately, these initial conditions are rather restrictive. This section shows how QML
estimation can be made free of initial condition restrictions through the use of a suitable control function.

To see which control function is useful and why, consider the pth-order dynamic panel data model
yi= Yido+ X.Bo+ e (i=1,...,N). (1)

In this expression y; = (Vi1,...,vir), Y, = (yi’_l,..., yl-,_p), Yi—j = (yi,l—_jau'ayi,T—j)/ U =
l,...,p),and X; = (x;1, ..., z;7), with z;; a K x 1 vector of explanatory variables that vary with ¢
(for at least some i). Moreover, e; = (e;1, ..., eir) is a vector of regression errors. For notational conve-
nience, the numbering of observed variables begins with t = —p + 1.

Now let y? = (y,»o, s Vi—p+ 1)/; let «; be a column vector consisting of all of the distinct elements of

xi1,...,x;7;and set z; = (a:;, yf’)/. Then, assuming e;|z; ~ I IN (0, Q(*;), the log-likelihood is given by
Ny - Mgt = LS e oy 2l (o) @)
———1In — —1In - = € e ,
5 7 5 2 & 2 i (P

!/

where €; (p) =y, — Y;0 — X;8,and p = (8, 3)".

To see why maximizing the log-likelihood in (2) does not produce a reliable estimator for small T,
observe that the consistency of a maximizer of the log-likelihood in (2) depends on the following moment
restrictions £ (X/Q;"'e;) = 0 and E (y;.,_jQS_le,-) =0( =1,...,p). Wehave E (X,Q;"'e;) = 0
if the regressors in X; are strictly exogenous with respect to the errors in e;. On the other hand, the
moment restrictions £ (yg’_ jQ(’;_l e,») =0( =1,..., p)depend on an even stronger assumption, which

1s summarized in Lemma 1.



Lemma 1. If E (e;3)) =0, E (e;z}) = 0,and E (e; €;) = Q;, then E (y:.,_jQS_lei) =0(j=1,...,p).
Proof. See Appendix A.

According to Lemma 1, if the regressors in x;; are all uncorrelated with respect to the e;;s and the initial
values of the dependent variable yjo, ..., yi,—p41 are uncorrelated with the subsequent errors e;q, ..., e,
then £ (y;.’_ jQS_lei) =0( = 1,...,p). Assuming the initial values of the dependent variable are
uncorrelated with subsequent errors is quite restrictive. For example, suppose the errors are given by the
error-components model

€ir = C;i + Vjy. 3)

If the v;;s are uncorrelated, we can take v;; to be uncorrelated with the elements of y?, for + > 1, but
assuming the elements of y? are also uncorrelated with ¢; is a strong initial condition restriction.
Fortunately, we need make no such initial condition assumption if the model in (1) is augmented with a
suitable control function. Nor need we assume the regressors in x;, are strictly exogenous with respect to
the e;;s. The possible correlation between the elements in e; and the elements in 2z; can be controlled for by

the linear projection of ¢;; on 1 and z;:
e = po + .00 + i, t=1,...,T,i=1,...,N) 4)

where 8y = Var (zi)_1 Cov (z;,e;) and uy = E (e;;) — E (z;) 0y. The linear projection parameters
and 0 exist and depend on neither i nor ¢ if the moments determining them exist and do not depend on i
and z.

The restriction that the linear projection parameters are independent of ¢ is met if the errors have a one-
way error-components structure given by (3) and v;; is a mean zero random variable that is uncorrelated
with the elements of z; for ¢ > 1. Then Cov (2;, ¢;;) = Cov (2;,¢;) and E (e;;) = E (¢;) fort > 1.

For this case, the linear projection reduces to that considered in Phillips (2010). Specifically, we have
C,'=,M0+Z;0()+(1,’ (l=1,,N) (5)

(cf Phillips 2010, p. 411, Eq. (2)).! When the errors can be decomposed as in Eq. (3), 1, + 2,6, controls for

I'See also Kruiniger (2013), who uses a linear projection of an individual effect on y;o. The linear projection parameters used in
that paper are implicitly assumed to be independent of i.



possible correlation between time-invariant unobservables, captured by ¢;, and the elements of z;. However,
restricting v;; to be uncorrelated with the elements of z;, for ¢+ > 1, of course, implies the regressors in x;;
are uncorrelated with v;,, for t > 1.2

Replacing the right-hand side of (4) for e;; in (1) gives the augmented dynamic panel data model
y;, = Wiy + u,, @i=1,...,N), (6)

where W; = (Y}, 2Z;), Z; = (Xi,t,¢2}), tisa T x 1 vector of ones, and vy, = (56,66,/10,06)/.
The errors in this augmented model — w; = (u;1, ..., u;7)’ — are now uncorrelated with the elements of
Z; by construction. Thus, upon letting Qy = E (u,- u;), we have E (Z Qy 1'u,,-) = 0. Moreover, because
E (u;y?) = 0 and E (w;z)) = 0, it follows from Lemma 1 that £ (9_,Q5'w,) =0 = 1,.... p).
Consequently, applying QML to the augmented model in (6) should now yield a consistent estimator under
suitable conditions.

Theorems 1 and 2 provide sufficient conditions for the almost sure convergence of the QML estimator
and its asymptotic normality (as N — oo, with T fixed). In order to state these theorems, let Q be a positive

definite matrix and define the quasi log-likelihood that is maximized as ZINZI l; (), where
T 1 1 P
li (TP):—EIH(2”)—EIH|Q|—E’U¢ (M Qi (),

w@) =y - W,y = (8,0,u0),¢y = (v,w), and w = vech(Q). Also, set Ly (1) =
N1 ZZNZ1 l; () and Hy (v) = 0*Ly () /01po1)’; let x; denote the kth element of z;;; and set
¥ = {T,b = (v, w')" € R™: Qis positive deﬁnite}.

Theorem 1. Assume the following conditions are satisfied:

Cl: E |yy|*™ < M and E |x;|*t¢ < M forall i, ¢, and k and some € > 0 and M < oo;

C2: Var (z;) is a positive definite matrix that is independent of i, E (z;) is independent of i, and F (¢;,)

and E (z;e;;) are independent of i and #, forz > 1;

C3: E (u;u) = Q for all i, with Qq a positive definite matrix;

2Aneven simpler case in which the linear projection parameters trivially depend on neither i nor ¢ is when there are no individual
specific effects, that is, the model in (3) does not hold, and instead the ¢;;s are uncorrelated among themselves and with the elements
of z;, for t > 1. In this case, 8y = 0, and the linear projection in (4) simplifies to e;; = p( + u;s, assuming E (ej;) = ug-



C4: the limits th_wo N_l Zi E (yisyit)a th_)OO N_l Zi E (yisxitk), and th_)oo N_l Zi E (xiiji,k)

exist for all s, ¢, j, and k; and

C5: the vectors (2], y’l)/ s (2, y?v)’ are independent for all N.

Then, the limit H (v») = limy_, o £ [H y (¥)] exists. Moreover, if Hy = H (1/}0) is negative definite,
where ¥, = (v}, wg)/ and w, = vech(Qy), then there is a compact subset, say P, of ¥, with ), in its

interior, and there is a measurable maximizer, 7:5, of Ly (-) in ¥ such that @ S Yy (N — oo, T fixed).
Proof. See Appendix B.

Theorem 2. Assume Conditions C2—C5 are satisfied, H  is negative definite, and the following conditions

are satisfied:

Cl: E |y | < M and E |x;|*T¢ < M forall i, ¢, and k and some € > 0 and M < oo; and

C6: the limit Ty = limy o N1 32, E [ (2l (10) /0) (21 (160) /%)’ | exists and is positive definite.
Then /N (3 — ) > N (0, H;'TyH') (N — oo, T fixed).

Proof. See Appendix C.

The conditions and conclusions of Theorems 1 and 2 reveal that the log-likelihood Z,N:1 l; (1) may
be misspecified. The log-likelihood is based on the assumption that u; is normally distributed with mean
vector 0 and variance-covariance matrix €y, conditionally on z;. These conditions imply u; and z; are
independent, but the conclusions of Theorems 1 and 2 do not require this restriction. In particular, the
conditional variance-covariance matrix of u; given z; may depend on elements in z; — specifically, the
errors may be conditionally heteroskedastic so long as the unconditional variance-covariance matrix €
does not depend on i. Moreover, u; need not be normally distributed.

The conditions in Theorems 1 and 2 do not require the random vectors (2}, y}) , ..., (2, yy) be
drawn from a common distribution. On the other hand, some homogeneity is assumed. For example,
Condition C3 requires €2y be the same across 7, and C1 and C2 ensure the linear projection parameters y,
and 0 are defined and depend on neither i nor ¢.

Theorems 1 and 2 cover models previously considered in the literature. For example, structured error

variance-covariance matrices, such as those considered by Phillips (2010) and Kruiniger (2013), are special



cases of €, and, therefore, Theorems 1 and 2 apply to those cases. Specifically, if ¢;; can be decomposed
as in (3), with E (v;;) = 0 and Cov (z;,v;;) = 0 for ¢t > 1, then, as already noted, the linear projection
in (4) reduces to the linear projection of ¢; on 1 and z; given by (5). In this case, u; = ta; + v;, with
v; = (vj1,...,0;7). Also, for this case, Q) = aiou’ + Xy, where 0'30 = var (a;) and Xy = E ('viv;).
Both Phillips (2010) and Kruiniger (2013) studied QML estimation for special cases of X¢. Phillips (2010),
for example, examined estimation of a dynamic panel data model while assuming Xy = a%I . Kruiniger
(2013), on the other hand, studied estimation of a first-order autoregressive (AR(1)) panel data model with
3o = diag(c 5, ....057)-

Finally, although Alvarez and Arellano (2003) and Kruiniger (2013) describe QML estimation of an
AR(1) panel data model as random-effects QML when c¢; is taken to be random, this description is eschewed
here, for the label random-effects is misleading when x;; is included in the model. This is because a random-
effects model is typically identified as a case in which ¢; is not only random but, more importantly, assumed
to be uncorrelated with the elements of x;;. But the linear projection in (5) allows for ¢; to be correlated
with the elements of x;; in an arbitrary fashion.

Moreover, assuming random effects provides no advantages in terms of estimation, for it provides no
simplications. In particular, even when ¢; is uncorrelated with the elements of x;;, for all ¢, this does not
imply we can drop ; from the control function x, + 2;6,. To see this, consider the linear projection of ¢;
onjust 1 and y{:

Ci = :uyO + y?/0y0+ayi (l = la ...,N), (7)

where 0,9 = Var (yi”)_] Cov (yf, cl») and u,g = E(¢;) — E (yl‘.’/) 0,o. If we augment the model in (1)
with the control function x + yj’/ 0, rather than the control function y, + z;6y, then the error term in the
augmented model is a,; + v;, rather than a; + v;,, and, in order for QML estimation of the augmented model
to be consistent, we must have not just Cov (yl(.’, ay,-) = 0, which the linear projection in (7) ensures, but also
Cov (iBi, ay,-) = 0, which the linear projection in (7) does not guarantee. Indeed, given Cov (x;, ¢;) = 0,
the result Cov (mi, ayi) = 0 is not guaranteed unless Cov (:1:,~, yf/Oyo) = 0,°> which will not be satisfied
in general assuming 6,o # 0. Of course, this observation does not mean some elements of €, cannot be
small or even zero in some applications, in which case the control function can be simplified. But this

simplification is not implied by the random-effects model.

3This conclusion follows from Cov (a:i, ayi) = Cov(w;, ¢; — fyo — y?’eyo) = —Cov(zx;, yi”’Oyo) if Cov (z;,¢;) = 0.



3 Differenced QML

In this section an alternative QML estimation approach — differenced or fixed-effects QML — is examined.
Kruiniger (2013) studied fixed-effects QML for an AR(1) panel data model. Hsiao et al. (2002), on the
other hand, studied fixed-effects maximum-likelihood estimation, after differencing, and, like this paper,
considered a model with additional explanatory variables beyond a lagged dependent variable.

Differencing observations and then applying QML estimation has two advantages over QML estimation
based on using observations in levels. First, if the error-components structure in (3) is assumed, differencing
eliminates ¢;, and the elimination of ¢; allows for not only the possibility the elements of x;; are correlated
with ¢; in an arbitrary fashion, should the ¢;s be treated as random, but also for the possibility the ¢;s are
fixed parameters. Furthermore, even if the ¢;s are treated as random, differenced QML does not require
imposing any moment homogeneity assumptions on the ¢;s, whereas QML estimation in levels does.

The second advantage of differencing is it allows for a broader range of possible stochastic models for
the error terms. This is because differenced QML does not require a control function involving y?. To
see that using a control function involving y? imposes restrictions on the error generating process, observe
that Condition C2 in Theorem 1 implies Coov (yf, ei,) does not depend on ¢ (> 1). Sufficient conditions
for this restriction are the error-components model in (3) with Coov (yf, vl-,) = 0, for t > 1, for then
Cov (3¢, ei1) = Cov (y?,¢;), for t > 1. But, unfortunately, the restriction Cov (y?,v;) = 0, forz > 1,
rules out some time-series processes for the v;,s. For example, if the stochastic processes for the cross
sections began in the past, then, although the condition Cov (yf.’, v,-,) = 0, for t > 1, does not rule out
correlation between v;; and v;; fort > 1 and s > 1, it does rule out correlation between v;, and v;; for
t > 1ands < 1. Hence, it rules out, for example, a first-order moving average (MA(1)) process for the
v;:S, for Cov (yf, v,»t) = 0 fails for = 1 given MA(1) v;;s. On the other hand, differenced QML estimation
does not rely on a control function involving y¢, and, therefore, even when the errors are generated by the
error-components process in (3), it does not require Cov (yf, vit) = 0 for r > 1. Hence, it does not rule out
processes for which v;; and v;; are correlated for# > 1 and s < 1.

On the other hand, for differenced QML, instead of using a control function that involves y! we
must estimate a system of equations that includes a separate linear projection for each initial differ-
ence Ay, _p42,..., Ay;1, where Ay, = yi; — yi,—1. Specifically, suppose Var (x;) is positive defi-

nite, and set O, p41—; = Var (z;)~" Cov (@, Ay;—j42) and pg py1_; = E (Ayi—ji2) — E () 00, ps1-;



(j =1,..., p). Then, differenced QML relies on the linear projections

Ayi—jt2 = o, py1—; + wf-eo,p+1—j + Vip+1—j G=1....p). (3)

Here 7; ,11—; is a linear projection residual, which is, by construction, uncorrelated with all of the elements
of x;. Note that because the linear projection in (8) does not specify how Ay; _;,» was generated — it
only allows for the possibility Ay; ;> is correlated with elements of z; — it does not depend on initial
condition restrictions.

For differenced QML, in addition to the linear projection equations in (8) we estimate the differenced
equation:

Ay, = AY:80+AXB,+Ae; (i=1,...,N), 9)

where Ay; = (Ayia, ..., Ayir), AY; = (Ayi,_l, e, Ayl-’_p), and Ay, _; = (Ay[’_j+2, .. Ayi,T_j)/
(j=1,...,p). Moreover, AX; = (Ax;, ..., Axi7), Ax;yy = jy—x; -1, and Ae; = (Aep, ..., Aeir),
with Ae;; = e;; —e; 1.

If the error-components model in (3) is assumed and the elements in x; are strictly exogenous with
respect to the v;,s, then, because ¢; is eliminated by differencing, the elements of A X ; are uncorrelated with
the elements of Ae;, and the model in (9) need not be augmented with a control function. Therefore, for

this case, the equations in (8) and (9) can be estimated as a system of equations given by
%= Wing + (=1,...,N), (10)
with gi = (Ayi,—p-i-Z’ ceey Ayila Ay:)/a :&'i = (rila - Fip, Ae:‘)/ )

W 0 0 I,®(1,z)

-

AY; AX,; 0

/
and ny = (56, 56a Ho1» ‘%1’ Ho2, 9623 <o Hops Hi)p) .

If w; is multivariate normal with mean vector 0 and variance-covariance matrix Y conditional on x;,



then the log-likelihood for the system in (10) is ZIN: | JA (M), where

~ T+p—1 1 1
li(A) = I+p-l) In@Qr)—=In|Y] =@ @) Y 'u @),
2 2 2
wm = Y- Wimom = (0.8,0,0, 15,05 ....0,,0,), A = (n,v), and v =
vech(Y).  Also, set Ly(A) = N'SY TN, Hy(N) = *Ly(A)/oAoN, and A =

{)\ =(n, v’)' eR :Yis positive deﬁnite}.

The maximizer of ZlN: ! I; () is a maximum-likelihood estimator given normality, but even if the log-
likelihood is misspecified — that is, the errors are not normally distributed given «;, nor are they necessarily
conditionally homoskedastic — maximizing Z,N: ! I; (-) will still yield a consistent and asymptotically nor-

mal estimator under suitable conditions. Sufficient conditions are provided in Theorems 3 and 4.
Theorem 3. Suppose C1, C4, and C5 are satisfied. Further assume:

C2': Var (x;) is positive definite and does not depend on i, E (x;) is independent of i, £ (Ayl-,_Hz) and

E (m,- Ay,-,_j+2) are independent of i (j =1, ..., p), and Cov (x;, Ae;) = 0; also,
C3: E (ﬁi TL:) = Yy for all i and Yy is a positive definite matrix.
Then the limit H (A) = limy_ 00 H ~y (A) exists, and, if H 0 = H (Xo) is negative definite, where Ay =

(né), v())’ and vy = vech(Yy), there is a compact subset, say A, of A, with A in its interior, and there is a

measurable maximizer, X, of L v () in A such that PNELS Ao (N — oo, T fixed).

Theorem 4. Suppose C1'—C3’, C4, and C5 are satisfied and H o is negative definite. Further assume the

following condition is met:
C6': the limit Zy = limy_oo N™' 3, E [(aZ (M) /0A) (9T, (M) /aA)’] exists and is positive definite.
Then VN (X = Xo) 5 A (0, Hy TH, ') (N = oo, T fixed).

Proof. For proofs of Theorems 3 and 4, see Appendix D.
The linear projection Ay; _;;» on 1 and x; guarantees that the residual of this linear projection is uncor-
related with the elements of AX ;. This is a critical condition for consistent differenced QML estimation.

But this condition is also met if we instead used the linear projection of Ay; _;4» on 1 and Az;, where



Awz; is a vector consisting of the distinct elements of AX ;. This latter approach generalizes an estimator
studied by Hsiao et al. (2002). Hsiao et al. (2002) studied differenced maximum-likelihood estimation
of a dynamic panel data model while assuming p = 1, individual specific effects, and uncorrelated and
conditionally homoskedastic v;;s. Moreover, Hsiao et al. (2002) also imposed restrictions on the regressors
that were sufficiently strong to guarantee that the conditional mean of Ay;; given Az; is linear in Ax;.
The analysis in this section shows that the differenced maximum-likelihood estimator proposed by Hsiao
et al. (2002) is consistent and asymptotically normal under much weaker assumptions. It is consistent and
asymptotically normal even if the log-likelihood is misspecified and the v;,s are conditionally heteroskedas-
tic but unconditionally homoskedastic. Moreover, all that is required of the elements of x;; is that they be
uncorrelated with the v;,;s and that the linear projection of Ay;; on 1 and Ax; does not depend on i. On
the other hand, the maximum-likelihood estimator Hsiao et al. (2002) proposed will be inconsistent if the
;s are correlated or unconditionally heteroskedastic. The results in this section show that their proposed
estimator can be extended to such cases, provided Y is unrestricted or the restrictions that are imposed on

Y, are valid.*

4 Computation

4.1 1IFGLS procedures

If the error variance-covariance matrix is unrestricted, QML estimates can be easily computed using IFGLS.
Consider, for example, calculating QML estimates of the elements of €y and ~,. These estimates can be
calculated by iterating back and forth between fitting € and fitting ~,. Specifically, Ly (-) is maximized
with respect to the elements of Q, conditional on the current fit of the regression parameters, say ~¢, by the
fit Qt = ZINZI u; (7)) u; (7¢) /N. And, after Q7 is obtained, L y (-) is then maximized with respect to -,

conditional on Q = Q™ which gives the feasible generalized least squares (FGLS) fit:

—1 N

N
7= (Z w; (@) Wz-) > W @)y, (11)
i=1 i=1

This fit is then made the current fit, 4¢, and new fits Q1 and 4% are calculated again, and so on, until

the sequence of fitted values converges. Calculating QML estimates of Ay and Y, based on differenced

4For example, the methods described in this section can be specialized to the case where the v;;s follow a moving average.
Examination of that specific model is beyond the scope of this paper.
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observations, is similar when Y is unrestricted.

IFGLS can also be applied when restrictions on the error variance-covariance matrix are incorporated.
Phillips (2010), for example, recommends an IFGLS method for QML estimation of ~,. The IFGLS
procedure described in Phillips (2010) is applicable when the error-components model in (3) is assumed
and Q) = aiOLL/ + 0(2)1 . Implementation is as follows: Given a current fit, v, the new fit of 0(2) is
(6" =N w (7)Y Qu; () / [(T — 1) N], where Q = I—¢ '/ T, and the new fit of 62, = 62 +03/ T
is (a%)+ = Z,N:1 w; () v u; (7°)/ (TZN). Given (02)+ and (aé)i a new fit of Q is calculated as
Qt =Q/ (02)+ +el/ [T 2 (a%)Jr] (see Phillips 2010). Once this variance-covariance matrix fit is in hand,
a new fit for ~y, is calculated, as in (11), and so on until convergence.

Notice that this algorithm does not rely on calculating an estimate of 2, and consequently it does not

incorporate the restriction ‘750 > 0. Therefore, although the estimates of Uio and U%o are guaranteed to

be non-negative, the implied estimate of 62, = 02, — 03/ T can be negative. If 02, > 0, the probability
the implied estimate of o2, is greater than zero goes to one, as N — 00, but in small samples a negative
estimate of o2, can occur, and this outcome can lead to poorer sampling performance than if the constraint
o2, > 0 is imposed (see Section 5.3).

An alternative computational strategy, which will not produce negative estimated variance components,
is the ECME algorithm. The ECME algorithm is an extension of the expectation-maximization (EM) algo-
rithm. Unlike the EM algorithm, the ECME algorithm relies on conditional or constrained maximization
(CM) of either an imputed log-likelihood — constructed using augmented data— or the log-likelihood based
on the observed data. In the present application, the observed or “incomplete data” is y = (y/l, ceey y},)’,
while the augmented or “complete data” consists of y and @ = (ay, ..., ay)’.> The imputed log-likelihood
is built during the expectation (E) step by taking the conditional expectation of the log-likelihood for the
complete data given the incomplete data, while treating the current fit of the parameters 1) as the parameters

of the conditional distribution.®

Applying the ECME algorithm to an error-components model for which Qy = o2 e’ + X, with £y =

diag(cj,, ..., o), leads to the following E and CM steps:
E-step: Let (aﬁ)c, ~¢, and Q¢ = (aﬁ)c ' + X¢ with ¢ = diag((a%)c Yy (JZT)C), denote the current
SFor the purposes of deriving the imputed log-likelihood and the actual log-likelihood, the variables in z = (z’l, e, z?v)/ are

treated as fixed.
SLiu and Rubin (1994) describe the properties of the ECME algorithm. For applications of it to panel data see Phillips (2004,
2012).
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fits of aio, o, and Q. Compute the conditional mean and variance of a; given y; evaluated at the current

a

fit of the parameters. These are af = (ai)c L (Q) 7w (7¢) and 0 = (aﬁ)c [1 - (az)c J(Q)™! L],

respectively (see, e.g., Greene 2012, Theorem B.7, pp. 1041-1042). Then the imputed log-likelihood is

¢ N a4 1 & .2 N,
0W;vy°) = const—?(lnaﬁ+ZInatz)—EZ(ai) — 5V

t=1

1 > | N vy —1
_EZ[ui (v) —eaf] 27w (’7)—Laf]—3b 7ol
i=1

CM-step 1: Maximize Q (-; 1/)"’) with respect tow = (Jﬁ, 0%, cees azr)/ subject to the constraint v = ~°.

This step yields (a§)+ =0 + ZINII (arf)2 /N and
2\t c 1 u c 12
(Uz) :Da+N;[”it(7)_ai] t=1,...,T. (12)

CM-step 2: Maximize the actual log-likelihood ZZNZ 1 i (-) with respect to ~ subject to the constraint

a

QF = (o2)" w + T and + =diag(() ", (#})).

w = wT', where wt = ((0'2)+ , (0%)+ s (JZT)+)/. This step gives the FGLS fit in Eq. (11) with
a
After the new fits of the parameters are obtained, they become the current fits, and the preceding steps
are repeated, until convergence.
If the restrictions 62, = 62 ( = 1, ..., T) are imposed, as in Phillips (2010), then the equations in (12)

are replaced with

1 & )
(02)+ =0 + NT Zl [ul- (’yc) - Laf] [u,- ('yc) - Laf] . (13)

Moreover, Q¢ and Q* are calculated using the structured form Q = o2t/ + o°1.

Unlike some other algorithms, the ECME fitted values for the error variance components are guaranteed
to be non-negative. But this advantage can lead to another complication. Specifically, EM-like algorithms —
including the ECME algorithm — can be excruciatingly slow to converge, and, when calculating estimates of
error-components models, the rate of convergence can slow when the sequence of one of the fitted variance
components gets close to zero. Moreover, there is always the possibility that the error-components model in

(3) is inappropriate; specifically, there may be no individual-specific effects. In this case, we have o2, = 0,
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where 02, = var (¢;), and 6%, = 0, and consequently the sequence of fitted values for o2, can approach
zero. Furthermore, even if 030 is positive and large, 0'30 can be small, for the control function u + 26 is
the best linear predictor of ¢; based on z;, and if that predictor is accurate, then 020 can be near zero. If so,
the sequence of fitted values for o2 can get close to zero.

As a practical matter, however, if Qy = aflou’ + X, with £j = diag(a%l, e, O'ST), then, when a
fitted value for 020 is near zero, the fitted value 4" in (11) differs little from the weighted least squares
fit (ZINZI W (Z*)_l W,-)_1 SNW (Z+)_1 y,, which is obtained by setting (¢2)" = 0. Furthermore,
once (92)" is set to zero, all subsequent fitted values for o2, will be zero. Also, when (62)° = 0, Eq. (12)
simplifies to (af)Jr = ZZNZ | Uit (v°)? /N, whereas, if we use the ECME algorithm based on the assumption
ol =0l (t=1,...,T), Eq. (13) simplifies to (02)+ = Z,N:1 u; (¥°) u; (v)/ (NT) when (ai)c = 0.
Regardless of whether or not the constraints 63, = of (+ = 1,...,T) are imposed, if (0§)+ is set to
zero, convergence is rapid. Consequently, the ECME algorithm for computing QML estimates based on
augmenting the regression model with xo + 2:6, will generally converge at a robust rate if, as part of the
convergence criterion, the size of the fitted value for o2, is evaluated and (62)" is set to zero should it
become sufficiently small.

Finally, note that if we assume an error-components model with unconditionally homoskedastic v;,s and
(62)™ is set to zero, then the fit of -, becomes the OLS estimator (ZlN: W W,-)_1 >N Wiy, There
are two observations to make about this outcome. First, if 050 > 0, then the probability of this outcome
occurring goes to zero as N — oco. And, second, even when ‘74210 is not zero, if it is close to zero, using the
OLS estimator of 7y, is not such a bad idea. This is because the smaller o2, is, the smaller the correlation in
the errors, and correlation in the errors is the source of the inconsistency in the OLS estimator. Hence, the

smaller o2 is, the more the inconsistency in OLS is mitigated.

4.2 Computation of restricted differenced QML estimates

The ECME algorithm is well-suited to calculating QML estimates for error-components models. But if we
assume the error-components model in (3) and difference observations, then the differenced errors no longer
have an error-components structure. In this case we must resort to other iterative algorithms; typically,
gradient methods.

If a gradient method is used, a reparameterization may be helpful. This is because, although EM-

like methods guarantee fitted variance-covariance matrices that are always non-negative definite, gradient
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methods do not always have this property. A reparameterization, however, can often make a gradient method
better behaved. For example, suppose p = 1, ¢;; is given by the error-components model in (3), the v;;s
are uncorrelated and unconditionally homoskedastic, and the regressors in x;; are strictly exogenous with
respect to the v;;s. Furthermore, assume Ay;; is generated by the same process generating Ay;, for ¢ > 2.

Under these conditions, it is easy to show that the error variance-covariance matrix is Yy = agd)o, with

¢y —1 0 0
-1 2 -1 0

Q=] 0 -1 2 . (14)
—1
0 0 -1 2

(cf Hsiao et al. 2002, p. 110, Eq. (3.2)). From the determinant ‘03(1)0‘ = o}l [1 +T (¢0 - 1)] (see,
e.g., Hsiao et al 2002, p. 111, Eq. (3.7)) we see that, in order to ensure a positive definite fitted value for
O'éq)(), we must search over values of ¢ satisfying ¢ > 1 — 1/T. This restriction is guaranteed if we set

=In(¢ — 1 4+ 1/T) and maximize the log-likelihood
N ~
const — - In(c?) - — - — () @~ 'w; ()

with respect to 7, 62, and @. Here @ has exp (w) + 1 — 1/T in its first row, first column and everywhere

else is the same as @ in (14).

5 Monte Carlo Experiments

5.1 Design

In order to assess the finite sampling properties of QML estimators described in Section 4, Monte Carlo
experiments were conducted. For all of the experiments, observations on the dependent variable y;, were

generated according to the model

y,-,:50)/,-,[_1+0.5x”+c,-+vi, (t:—f0+1,...,T, i:1,...,N),
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with y; _,, = 0. The values for Jy considered were 0.4 and 0.9. Moreover, the x;;s were generated according

to the autoregreSSiVC process
Xit :0.5—+—0.5x,',t_1 +éit (t = —t + 1,...,T, i = 1,,N)

The starting value x; —,, was set equal to 5 + 10¢; _,, and the ¢;;s were generated as independent uniform

—t
random variates with mean zero and variance one.

As for the v;s, they were generated as v;, = x7, (€;; — 5) / \/1_0, with ¢;; a chi-square random variate
with five degress of freedom. The variate (€;, — 5) /+/10 has an asymmetric distribution about zero with a
variance of one. Moreover, because the €;;s were generated independently of one another and of the x;;s,
the v;,s were uncorrelated but conditionally heteroskedastic depending on the value of x. The values of «
considered were zero, for conditional homoskedasticity, and one, in which case the idiosyncratic errors were
conditionally heteroskedastic.

On the other hand, the heterogeneity component, ¢;, was generated as ¢; = ZtTZO In|x; |/ (T + )+o:¢;,
with {'; a standard normal variate and o - set to either one or two. This specification for ¢; induced correlation
between ¢; and the x;;s.

Finally, two values for 7y were considered: one and 50. And, after a sample was generated, the start
up observations were discarded so that QML estimation was based on (x;1, yi1), ..., (xi7, yir) and y;o
(i=1,...,N), while GMM estimation was based on (x;9, ¥i0) - . - , (XiT, Vir). Furthermore, 7" was set to
five, and N was set to 100 or 500. And, for each combination of parameters, 5,000 independent samples
were generated.

Table 1 lists the sample designs.

(Table 1 here)

5.2 Estimators

The finite sample properties of several QML estimators were compared to each other and two well-known
GMM estimators. The GMM estimators considered were the differenced GMM estimator proposed by
Arellano and Bond (1991) (denoted DGMM) and the system GMM estimator suggested by Blundell and
Bond (1998) (SGMM).
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The sampling performance of three unrestricted QML estimators was also investigated. One of these
unrestricted QML estimators was the levels QML estimator based on regression augmentation that imposes
no restrictions on the error variance-covariance matrix. The results for this estimator are denoted by QML.
The other two unrestricted QML estimators were differenced QML estimators that impose no restrictions on
the error variance-covariance matrix. For differenced QML, we can exploit the linear projection of Ay;; on 1
and either Ax; or x;. Results for both cases are provided. The results using Ax; are denoted by DQML 4,
while those for x; are denoted by DQML,,.

Results are also provided for levels QML estimation while relying on the structured variance-covariance
matrix Qo = 02w’ + o with £y = diag(c},, ..., a3;). For this case, estimates were calculated with the
ECME algorithm (see Section 4.1), and, therefore, the results for this estimator are denoted by ECMEje.

The tables also provide results for levels QML estimation while imposing the restriction Qy = o2 e’ +
061 . The QML estimates for this case were calculated two ways: with the IFGLS procedure described in
Phillips (2010) and the EMCE algorithm for unconditionally homoskedastic v;;s (see Section 4.1). In the
tables, estimates calculated with the IFGLS procedure described in Phillips (2010) are indicated as IFGLSy,,
while estimates calculated with the ECME algorithm are denoted as ECMEy,,.

I also calculated differenced QML estimates that restrict the v;,s to be uncorrelated and homoskedastic
(see Section 4.2). Because we can use either a linear projection of Ay;; on 1 and Ax; or a linear projection
of Ay;; on 1 and x;, results for both choices are reported and are denoted by DQML A4 1o and DQML, po.

Finally, as noted in Section 4.1, when Uio is near zero, the bias in the OLS estimator of 7y, may be small.
To investigate this possibility, results for OLS applied to the augmented model in (6) are also reported for

some Monte Carlo experiments.

5.3 Results
5.3.1 Stationary Designs

Table 2 provides estimates of finite sample bias and root mean squared error for Designs 1 through 8. For
these designs the generated variables were approximately stationary (#o = 50). The table also provides some

statistics.

(Table 2 here)
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Table 2 provides information about the average correlation coefficient p =
230 S pl [T (T = D, where p,, = o2/ (03 +03,) (02 +03,)]". Estimates of the av-
erage correlation coefficient p are of interest because the closer p is to zero, that is, the less correlation
in the augmented regression errors, then the better OLS — when applied to the augmented regression
— will perform in terms of finite sample bias (see Section 4). For each sample, p was estimated with
7 =231 ST 5./IT (T = D], where 5, = 52/ [(6% +55) (6% +52)]"*. The estimates 5%
and 3(2), (t =1,..., T) were obtained using the ECME;,, algorithm (see Section 5.2). Table 2 provides, for
each design, the average of the p estimates over 5,000 samples.’

Table 2 also provides information about how much of the variation in the individual effect is removed

by the linear projection u, + 2:6y. Specifically, if the errors are generated by an error-components

2

2 . 2 ~2 ,~2 ~2 . .
model, we can define a pseudo R* given by R: = 1 — 0,,/0,, Where o, is an estimator of o,

62, =0N"'IN (2i—2) (2: —2) 04062, andZ = >V z;/N. Note that 02, = 6 Var (z;) 6o+ 02,
and thus 77, is a consistent estimator of 72, if 0 and G2, are consistent estimators. Furthermore, we have
G% > G2, > 0. Hence, R> = 1 —G2,/52, is always between 0 and 1, and, therefore, it can be interpreted
as an estimate of the proportion of the variation in ¢; that is controlled for by the control function x4 2;0,.
Table 2 gives, for each design, the average of the R?s over the samples, where 72, and 0 were calculated
using the ECME,, algorithm.

The evidence in Table 2 shows that the unrestricted QML estimators — QML, DQML ., and DQML,,
— generally have neglible finite sample bias. As for root mean squared error, there is an unambiguous
ranking among these three estimators. Specifically, for each design, the levels QML estimator typically
has a smaller standard deviation, and hence root mean squared error, than both of the differenced QML
estimators. Moreover, when comparing the differenced QML estimators, the DQML,, estimator usually has
the smaller — sometimes much smaller — standard deviation and root mean squared error. For Designs 5,
6, 7, and 8, for example, the root mean squared error of the DQML . estimator is about 74, 76, 50, and 42
percent larger than that of the DQML,, estimator.

The GMM estimators have more finite sample bias than the unrestricted QML estimators; in some cases,

by several orders of magnitude. For example, the finite sample biases of the differenced GMM estimator are

so large when dp = 0.9 (Designs 5-8) that it has larger root mean squared errors than the QML and DQML,,

"In Section 4.1 it was noted that ECME iterations can be slow to converge if the fitted values for 050 become small. The

estimate of p was used to measure the relative size of o—ﬁo. When the estimate of p became less than 0.01, the fit of 050 was set to
zero (see Section 4.1).
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estimators. On the other hand, all of the unrestricted QML estimators are, in terms of root mean squared
errors, inferior to the differenced GMM estimator when dy = 0.4. Furthermore, all of the unrestricted QML
estimators are dominated by the system GMM estimator in terms of sampling efficiency.

The unrestricted QML estimators do not exploit as much information as the GMM estimators; specifi-
cally, they do not exploit the restriction that the v;,s are uncorrelated whereas the GMM estimators rely on
this restriction. The evidence in Table 2 shows that exploiting valid restrictions on X, can yield substan-
tial reductions in the sampling variability of QML estimators. The restricted QML estimators — ECMEj,,
ECMEj,, IFGLS;,, DQML A g 1o, and DQML,, 1,, — all exploit the fact that the v;,s are uncorrelated, and
these estimators generally have significantly smaller root mean squared errors than the unrestricted QML
estimators.

A comparison of the restricted QML estimators leads to rankings that are similar to how the unre-
stricted QML estimators are ranked. For example, just as the DQML,, estimator generally has smaller root
mean squared error than the DQML 5, estimator, the DQML,; j,, estimator is often more efficient than the
DQML g 1o estimator. They have comparable root mean squared errors for 5o = 0.4, but DQMLg p, is
more efficient when dy = 0.9. Moreover, for dy = 0.9, the restricted levels QML estimators, calculated with
the ECME algorithm (ECME;, and ECME,,), often provide substantial reductions in root mean squared
error compared to the restricted differenced QML estimators (DQML x4 ho and DQMLy; 1).

The restricted QML estimators often compare favorably to the GMM estimators. For all designs in Table
2, all of the restricted QML estimators — in levels and differences — have smaller root mean squared errors
than the differenced GMM estimator. Furthermore, they also have smaller root mean squared errors than
the system GMM estimator when dy = 0.4. On the other hand, for o = 0.9, the relative ranking between
the restricted QML estimators and the system GMM estimator is not so clear cut. For g = 0.9, the system
GMM estimator dominates the IFGLSy,, DQMLg po, and DQML g 1o estimators in terms of root mean
squared error, but not the ECME;. and ECMEj,, estimators. The latter estimators have smaller root mean
squared errors than the system GMM estimator for Designs 5 and 6, while the system GMM estimator has
the smaller root mean squared errors for Designs 7 and 8.

Possibly more surprising is the relative ranking between the GMM estimators and OLS when the latter
is applied to the augmented model. For Designs 5 through 8 the ranking is unambiguous: the OLS estimator
dominates both GMM estimators in terms of root mean squared error. (For Designs 1 through 4, this ranking

is reversed, however.) Indeed, for Designs 7 and 8, the OLS estimator has the smallest root mean squared
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error among all estimators considered. This result is due to the low level of correlation among the errors
in the augmented model for Designs 5 through 8. For these designs, the average value for p is not greater
than 0.10. Note also the high values for R? for these designs. These R>s indicate the control function
eliminates much of the variation in the individual effect, and because the remaining variation is small relative
to the variation in the idiosyncratic errors, the v;s, the control function effectively eliminates most of the
correlation in the augmented model regression errors.

Whereas the sampling performance of OLS applied to the augmented model improves when p is near
zero, the sampling performance of the IFGLSy,, estimator proposed in Phillips (2010) deteriorates. This is
because when  is near zero, o2, is small, and when o2, is small, the IFGLS algorithm proposed in Phillips
(2010) can wander outside of the relevant parameter space — that is, it can converge to a fit implying a
negative estimate of Uio- A consequence of this fact is a deterioration in sampling performance. For exam-
ple, for Design 2, when p is largest, the root mean squared errors of the IFGLSy,, and ECME,,, estimators
are nearly the same — a result one would expect when the two algorithms are generally locating the same
maximizer of the quasi log-likelihood. On the other hand, for Designs 5 through 8, for which p is small, the
root mean squared errors of the IFGLS;,. estimator are much larger than those of the ECME,,, estimator.

Table 3 provides estimates of finite sample bias and root mean squared error for Designs 1 through
8 for a larger number of cross sections (N = 500). The evidence in this table indicates that many of
the relative rankings of the estimators are unaffected by this increase in sample size. Specifically, QML
estimation using observations in levels rather than differences generally leads to an improvement in sampling
precision. Compare, for example, QML to DQML, and DQML 4, and compare ECME;., ECME,,, and
IFGLS;, to DQML po and DQML A4 1o. Second, upon comparing DQML, to DQML ., and DQML p,
to DQML A4 ho, We see that if differences are used, then estimating a system of equations that includes the
linear projection of Ay;; on 1 and «; is rarely worse and often better than using the linear projection of
Ay;; on 1 and Az;. Third, imposing valid restrictions on the error variance-covariance matrix leads to
often significant improvements in relative efficiency. Compare ECME,, ECME,,,, and IFGLSy, to QML,
compare DQML p, to DQML,, and compare DQMLag no to DQMLAg. Fourth, the unrestricted QML
and DQML,, estimators are still more accurate, in terms of root mean squared error, than the differenced
GMM estimator when dy = 0.9. Fifth, the restricted QML estimators generally, though not always, have
smaller root mean squared errors than the GMM estimators. And, finally, system GMM and OLS applied

to the augmented model still perform comparably in terms of root mean squared error when » is near zero
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(5o = 0.9).

(Table 3 here)

On the other hand, increasing the number of cross sections sampled does affect some relative rankings.
For example, given the OLS estimator is inconsistent, it is not surprising that it no longer dominates all of
the estimators in terms of root mean squared error for Designs 7 and 8. That distinction now goes to the
ECME,, estimator. Moreover, although estimates calculated with the ECME}, algorithm still improve on
those calculated with the IFGLS procedure recommended in Phillips (2010) when dp = 0.9, the sampling
performance of these two estimators is quite similar for dy = 0.4. Furthermore, system GMM no longer
dominates all of the unrestricted QML estimators. For dy = 0.4, it still has smaller root mean squared
errors, but, for 6o = 0.9, it no longer always has a smaller root mean squared error than the unrestricted
QML estimators. For example, the QML estimator has a smaller root mean squared error for Designs 5,
6, and 8. Finally, although differenced GMM has significantly larger root mean squared errors than system
GMM for all designs for which dy = 0.9 when N = 100, when the number of cross sections is increased to
N = 500, the finite sample bias of the differenced GMM estimator falls in magnitude relative to that of the
system GMM estimator by enough that the latter estimator has significantly larger root mean squared errors

for Designs 5 and 6 when N = 500.

5.3.2 Nonstationary Designs

Tables 4 and 5 provide finite sample bias and root mean squared error estimates for Designs 9 through 16.
For these designs #y = 1, and, therefore, for each cross section, the time series began in the immediate past.

Consequently, none of the time series are stationary.

(Tables 4 and 5 here)

Tables 4 and 5 drop two estimators from the analysis: OLS and system GMM. The system GMM
estimator is omitted, because, given fy = 1, the designs violate the initial condition restriction upon which
the system GMM estimator relies. In particular, not all of the instruments used in constructing the estimator
are valid for these designs. Moreover, OLS is also inconsistent for all designs in Tables 4 and 5, and for no
design is p close to zero. Consequently, OLS performed, as expected, poorly for all of the designs reported

on in Tables 4 and 5.
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Several other estimators are also inconsistent for some of the designs in Tables 4 and 5. Specifically,
the estimators ECME},,, IFGLS},,, DQML, 1o, and DQML 4 1, are inconsistent for Designs 11, 12, 15, and
16. This is because these estimators rely on the assumption the errors are unconditionally homoskedastic,
but, for Designs 11, 12, 15, and 16, the errors are conditionally heteroskedastic and given they are also
nonstationary, they are also unconditionally heteroskedastic. On the other hand, for Designs 9, 10, 13, and
14, the errors are conditionally homoskedastic, and hence unconditionally homoskedastic, and, therefore,
the estimators ECME;,,, IFGLS,, DQMLg 1o, and DQML a4 1o are consistent for these designs. In order to
see how these estimators perform for these designs and how their performance deteroriates when the errors
are unconditionally heteroskedastic, they were included in the experiments.

The main message of Tables 4 and 5 is conveyed by the performance of the ECME;, estimator. In
terms of sampling efficiency, this estimator arguably outperforms all of the other estimators considered.
Like the differenced GMM estimator, it incorporates valid restrictions on the error generating process (e.g.,
uncorrelated v;,s), while not incorporating invalid restrictions (e.g., unconditional homoskedasticity). But it
has much less finite sample bias than the differenced GMM estimator. The ECME,, IFGLS;,, DOML 1o,
and DQML 4 1o estimators all have among the smallest root mean squared errors for Designs 9, 10, 13, and
14, designs for which the errors are unconditionally homoskedastic, but, not surprisingly, their sampling

performance deteriorates when the errors are unconditionally heteroskedastic (Designs 11, 12, 15, and 16).

6 Conclusion

This paper established the almost sure convergence and asymptotic normality of levels and differenced QML
estimators of the parameters of a pth-order dynamic panel data model. The consistency and asymptotic
normality of the estimators do not depend on initial conditions and the log-likelihood can be misspecified.
Furthermore, the error variance-covariance matrix can be of a general form. Models with structured error
variance-covariance matrices are special cases of the model examined here.

However, robustness with respect to the specification of the error variance-covariance matrix comes at
a price: efficiency losses. The Monte Carlo results provided in Section 5.3 indicate that imposing valid
restrictions on the error variance-covariance matrix can lead to substantial improvements in finite sample
estimation efficiency. Conversely, exploiting invalid restrictions on the error variance-covariance matrix

produces an inconsistent QML estimator.
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These results were not surprising. But the Monte Carlo experiments illustrated other lessons as well,
some of which were unexpected. For example, if the control function exploited by levels QML estimation
controls for much of the variation in unobserved cross-sectional effects so that the remaining correlation in
the augmented regression errors is small, then OLS applied to the augmented regression model can produce
estimates that compare favorably, in terms of precision, to both QML and GMM estimates. Furthermore, if
idiosyncratic errors are uncorrelated and one does not have a good reason to believe the individual effects
are fixed, little appears to be gained by differencing and much may be lost. In particular, for the sample
designs reported on here, QML estimation based on regression augmentation never performed significantly
worse than differenced QML estimation and sometimes performed much better. Furthermore, if differenced
QML estimation is used, the Monte Carlo evidence provided here indicates estimating a system of equations
that includes a linear projection of Ay;; on 1 and «; is preferable to using a linear projection of Ay;; on 1

and Ax;.
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Appendix A: Lemma 1 Proof

In order to establish £ (y;,_ y QS_I e,-) = 0, I first use an analysis similar to that in Hamilton (1994, pp.

7-9). Let &, = (Vits Viimts - - > Viuept1) » Sic = (€},80 + €1, 0, ..., 0)’, and

Oo1 002 -+ Do p—1 Oop
1 0o ... 0 0

F = 0 1 ... 0 0 , (15)
0 0 1 0

where 8o = (o1, - - -, 50p)/. Then &, = F§&,,_ + . Hence, ;) = F&; +;1, and, for ¢ > 1, by repeated
substitutions we get &;, = F'€,, + Fli +F %+ -+ Fg;,—1 + <. Writing this last expression

out in full, we have

Yit Yio 513;1ﬁ0 + e a:;zﬁo +en
yi,[—l _ Ft yi,_l + Ft_l 0 + Ft—2 O
Vit—p+1 Vi, —p+1 0 0
w;’[—IIBO + €i,r—1 $;[ﬁ0 + €it
0 0
+...+F ' + ) . (16)
0 0

Next let fr(f) denote the (r, s)th element of F’. Then y;; = fl(ll)y,-o+fl(21)y,-,_1 +- - '—i—fl([l?)yi,_pﬁ+w;1;@0+el~1,

and, for ¢t > 1, from the first equation in (16) we see that

—1 /
Yie = fl(i)yio + fg)yi,—l +---+ fl(;)yi,—p+1 + fl(f ) (513,-1,30 + en)
+f1(1t_2) ($;2/30 + eiZ) +-+ fl(ll) (wg,z—ﬁo + ei,t—l) + x;, By + eir- (17)

Using the expression for y;, in Eq. (17), we can write y; _; in terms of 7, X;, and e;. To that end, let
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Given these definitions, we have y, _; = Ay} + B; (X,-BO + el-).

S O o O

)
flp

oS o o O

(18)

(19)

Therefore, E (y;,_‘,gg;—le,-) =E (yWA\Q; &)+ E (B,XB’,Q;"" e;) + E (¢;B, Q5" ;). Note that

E(eB.Q: "e)) = Eftr (Q 'e;e.B)| = trf[Q:7'E (e;€)) B';| = tr(B’;) = 0, where the last equality
i =50 0 i 0 i J J

follows from the fact that B ; is a square matrix with zeros down the main diagonal. Moreover, if £ (el- sc;) =

0, then E (B, X B, Q;™'e;) = 0. And E (y?' A,Q; ™" e;) = tr[E (ery’) A'Q5™"] = 0 given E (eryy) =

0. The preceding proves £ (yg’_jQ(’;_' e,-) =0.

Appendix B: Theorem 1 Proof

The proof of Theorem 1 relies on verifying several preliminary results, which are provided as Lemmas

B.1 through B.4. Throughout convergence is with respect to N — oo, with T fixed. Moreover, in the
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sequel, M denotes a sufficiently large finite number.

Lemma B.1. Suppose £ ( tk) < ooand E (ylt) < oo, for each i, ¢, and &, and Conditions C2 and C4 are
satisfied. Then the linear projection in (4) exists. Furthermore, the limits L (v0) = limy_, £ [Ly (20)] and

H () = limy_ o E [H y (1)] exist, and L (20) and the elements of H (1)) are continuous functions of 2.

Proof. The conditions £ ( lk) < ooand E (y”) < o0, for each i, ¢, and k, and C2 imply the existence of
the linear projection in (4) (see, e.g., Wooldridge, 2010, pp. 25-26).

Also, E [Ly ()] is finite if £ [u; (v)' Q™'u; ()] is finite, and the latter is finite if x;,x and y;, have
finite second-order moments, for all i, ¢, and k.

The matrix E [H y ()] has finite elements as well. To see this, first let W;.; denote the jth col-
umn of W;, and let S.; denote the jth column of dvec(Q2) /dw’, where recall that w = vech(2). Then,

0%l () [0y ;0 = =W, Q7' Wiy, 8% () [0y ;00 = =W, Q7' (6Q/0wy) Q' u; (7), and

L) o ol |
b oy — 20 (& 89T S - S ) — 552 @), (20)
whete syt () = S, (@' 'y (Mu (1) Q) Sy and s @) _

Sf' (Q_lui (¥) u; () Q7! ®Q_1) S (see Ruud 2000, p. 930). From the preceding second-order
partial derivatives we see that the condition £ ( ”k) < ooand £ (ylzt) < o0, for each i, ¢, and &, implies
E [H y (1)] has finite elements.

Inspection of E[Ly ()] and the elements of E[H y (1)] reveals E[Ly ()] and the elements
of E[H y (1)] are functions of 7y and terms of the form N~! > E isyie), NI > E (VisXiu), and
N1 > E (xiij,-,k). Therefore, if the limits of these averages exist (as N — 00), then the limits
L) = limy E[Ly ()] and H () = limy_ o E[Hy (¥)] exist, where L (¢0) and the ele-
ments of H (1) are functions of 1) and terms involving limits of the form limy_ o, N -1 > E isyie),
limy_ 00 N7' "5 E (isxisr), and limy oo N™' ", E (xi5;X4x). And, inspection of L (3p) and the elements

of H (1) reveals L (1)) and the elements of H (1)) are continuous functions of 2.

Lemma B.2. Suppose £ ( tk) < ooand E (ylt) < oo, for each i, ¢, and &, and Conditions C2 and C3 are
satisfied. Then E (W; Q! u;) = 0 forall i.

Proof. We have F (Z :.QO_ ! ui) = 0 because all of the elements of u; are uncorrelated with all of the elements
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of Z; by construction. Moreover, the conditions of Lemma B.2 imply £ (ui yY ) =0 FE (ui m;) = 0, and
E (u;u}) = Qo. Thus, the conditions of Lemma 1 hold for the augmented regression in (6). Hence, by

Lemma 1, we have E (y:-,_anlui) =0(j =1,..., p). This proves £ (W;Q;"u;) = 0.

Lemma B.3. Let ¥ denote a compact subset of ¥. Suppose C1, C4, and C5 are satisfied. Then Ly (+) &

L (+) uniformly on ¥

Proof. Let o denote the (s,¢)th element of Q~'; let y, denote the kth element of ~; re-
call that W;; is the jth column of W;; and let W;; denote the rth element of W,;.
Also, let Sy, v = N3 [yisvie — E Gisyi))s Spwyn = N3 [yisWij — E (yisWiyj) ], and
Swywan = N7V [Wisj Witk — E (WigiWiik) - Then Ly () — E[Ly ()] = — > D, 08,5, n/2 +
PRI Zj Y i Sy N — >, 0" Zj > Y ;¥ kSwywy.n/2.  Therefore, by an obvious inequal-

ity, we have |[Ly () — E[Ly ()]l < > >, [0 [Syvn| /2 + 20 2 | 2k v il [Sman]| +
PIDIN 22 |yjyk| ’SWSJ- wa.n| /2. Given *' and y ; are bounded for ¢ € ¥, it follows that

sup [ Ly () = ELLy )1l < MDD S| +M D20 D[Sl
PYe¥? = . - - -
MY D DD Swymn] - 1)
Ky t J k

Hence, Ly (-) — E [Ly ()] <> 0 uniformly on ¥ if Sy N 2o, Sy W, N 250, and SW; Wy N 25 0 for each
s,t, j,and k.
To see that S, ,, v & 0, note that, by the Cauchy-Schwarz inequality and C1, we get E |y, y,~,|1+f/ 2 <

1/2
(E |yis|P* E i)

< M for some € > 0 and all 7, s, and #. This conclusion and C5 imply S, ,, v o
(see White 2001, p. 35, Corollary 3.9). By similar arguments, we also have S, . » 2% 0and SWy Wi N o

Hence, Ly (1) — E[Ly (V)] 5o uniformly on ¥.

Given C4, the following expressions are defined: A, v = N '3, EWuyi) —
limyoo N7V 30 E igyie)s Aywyn = NTUDLE (visWij) — limyooo NP5 E (3igWiy), and
Awgwyn = N1 > E (Wisj Wnk) — limy_o N7! > E (W,~Sj Wi,k). And, by arguments anal-

ogous to those leading to the inequality in (21), one can show supyy |E[Ly ()] =L ()| <

MZS Zt |Aysyt=N| + MZs Zt Zj |Ays Wz/,N| + MZS Zt Zj Zk |AW;/ Wtk:N|‘ Because Aysyt,Na AySW,/,N,

and Aw,w,.n all > 0, we have E' [Ly (-)] = L (-) uniformly on v,

The conclusions of the last two paragraphs imply L y (-) <3 L (-) uniformly on ¥

26



Lemma B.4. Suppose Conditions C1-C4 are satisfied and H y is negative definite. Then there is a compact

subset ¥ of P, with ), in its interior, such that L () < L ('t,bo) if1p € ¥ and v # 1.

Proof. First

E [ol; (o) /o] = 0 (22)

is established. By well known results, 0/; (1) /oy = W,Q 'u; () and

Ol,- 1 - - 'O~
afu¢) = —vech (@7 = Q7w (1) w (1) Q) @3)

(see, e.g., Ruud, 2000, pp. 928-930). We have E [d/; (1) /8] = 0 (Lemma B.2), and from Eq. (23), it is
clear that, because E (u;u}) = Qo, we have E [0]; () /ow] = 0.

Next, a Taylor series expansion gives
Ly () = L (o) + (v = %0) g (o) + (% =) Hy (") (v = 20) /2. (24)

where gy (v9) = 0Ly (1) /01, and 4" satisfies |9 — 1p*
B.1, taking the expectation of the left and right-hand sides of (24) and then letting N — oo gives L () =

L (o) + (v — o) H (") (4 — o) /2.
Let  jx (1)) denote the (j, k)th element of H (7)), and define determinants

< |[¥p — 4. Given Eq. (22) and Lemma

hi () o hyy ()
d; () = : : G=1,...,m).

hjl(‘;b) h./'./‘ ('l,b)

A necessary and sufficient condition for H (1)) to be negative definite is d; (¢0) < 0, d> (1) > 0, d;5 (¢) <
0,... (see Rao 1973, p. 37). By assumption, Hy = H (1) is negative definite, and thus d; () < 0,
d> ('¢0) > 0, ds (¢0) < 0, .... Moreover, the determinant d; (-) is continuous in &y (-), A2 (-), ..., which
are, in turn, continuous in v (see Lemma B.1). Hence, d; (-) is continuous in ). It follows that there is a
r > 0 such that for the closed ball in R, centered at 1), with radius », we have d; (¢) < 0, d, (¢p) > 0,
d; (1) < 0, ... for ¢ in the ball. Let ¥ denote the ball (a compact subset of R”). Then H (2)) is negative
definite for 1y € V. Therefore, for ¢ # 1, and 1) € P, we must have ('o,b — ’l,bo)/ Hy (w*) (1/) — 'z,bo) <0,
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because ¢ € ¥ implies ©* € ¥ and, therefore, H (¢*) is negative definite. Hence, L (v0) < L (¢0) if
W € ¥ and v # 1.

Proof of Theorem 1: The conclusions of Lemmas B.3 and and B.4 imply there is a measurable maximizer,

@, in ¥ and @ Y Y, (see, e.g., Amemiya, 1985, Theorem 4.1.1, and his footnote 1 on p. 107).
Appendix C: Theorem 2 Proof

Theorem 2 is proven by establishing several lemmas. The first result is an elementary inequality, which

is applied repeatedly in the sequel.

.
Lemma C.1. Forr > 0, ‘Z;’zl aj‘ < b, Z’;’zl |aj|r where b, = 1 or 20=D@=D according as r < 1 or

r>1.

Proof. By repeated application of the inequality |a + b|” < ¢, |a|” + ¢, |b|", ¥ > 0, where ¢, = 1 or 2"~
p
m
ijz aj| =
r 1 . r _
'}‘:3@‘ < > lci |a]| + " ay|". Also, >0 o |a;|” + " an!”

b > | |a;|” for b, = ¢,

according as ¥ < 1 orr > 1 (see Loeve 1977, p. 157), we have ‘Z"L aj‘ <clal +c

e lai|” + 2 laal” + 2

IN

Lemma C.2. Suppose C1’, C2, C3, CS5, and C6 are satisfied. Then /N gy () AN (0, Zp).

Proof. Let pu be am x 1 vector of constants such that p1 # 0. We have p'v/Ngy (1) = N™V2 3, Z; for
2, = ' (0L () /0vp). And v/ Ngy (1) > N (0, To) it N"12Y, Z, 5 N (0, w'Zop) (see Amemiya
1985, Theorem 3.3.8).

Toverify N2 %, 2 % N (0, wTop), letv? = var (2) = wE | (01 (y) /%) (az~ (o) /%) |
and V3, = N~' >, v2. Because limy_,o, vy = p'Zop (by C6), we have N™V/2 > 2, 4 N (0, WTop) if
N7V Zi oy 4 N (0, 1). Moreover, N~'/2 > Zi/vn 4N, ) if E(Z) = 0, v > € > 0 for
all N sufficiently large, and E | Z;|*"¢/> < M for all i and some €/2 > 0 (see White 2001, Theorem 5.10).
Therefore, Lemma C.2 is proven upon proving £ (Z;) = 0, i?\, > €’ > 0 for all N sufficiently large, and
E|Z;|*"/* < M for all i and some €/2 > 0.

We can verify E (Z;) = 0 and v3 > € > 0 for all N sufficiently large easily. In particular, Eq.
(22) implies E (Z;) = 0. Moreover, given C6, we have limy_, o ﬁ?\, = p'Zop, and, because Z is positive

definite, we can find an €’ > 0 such that ﬁ%\, > ¢’ for all N sufficiently large.
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To verify E | Z;|*T¢/?> < M for all i and some €/2 > 0, first let u ; and y ; denote the jth elements of
pand . Then Z; = 3, u;0l; () /09 ;. Hence, by Lemma C.1, we have £ |Z:>T¢/? < M for all i if
E [ol; (o) /ovp;|"7% < M forall i and j. Next, recall l; (1) /oy = W, Qg u; while 8l; (1) /6w =
—Vech(Qa - Q) Y, u; Q) 1) /2. Moreover, upon letting w’ denote the (s, 7)th element of Qg ! and recall-
ing W;,; denotes the (s, j)th element of W, the elements of W;QO_ ', are of the form DD a)f)‘ Wisjtis

while the elements of vech(Q,' — Q' u;u;Qy") are of the form wék — 3.3, o) wuisu,. These ob-

2+€/2

servations and another application of Lemma C.1 implies £ ‘811- (1/)0) /0 j} < M for all i and

2+4€/2 2+4€/2
+e/ | +e/ <

Jjif E|Wiguy| < M and E |uzu; |*Y* < M for all i, j, s, and t. But E |W;gu;

172
(E |Wis j |4+E E |uit|4+‘) by the Cauchy-Schwarz inequality. Moreover, for a suitable choice of ¢ > 0,

€ M forall i, s,and j by Cl’. Condition C1’ also implies E |u;;|**¢ < M for all i and

2+€/2

we have E ‘ W,-s_,-’
t. Hence, E |W,-Sju,-,| < M forall i, j, s, and ¢. Similar arguments give E |u;su;;|**/> < M for all i,

s, and z. It follows that E | Z;|**</> < M for all i and some €/2 > 0.

Lemma C.3. Let ¥ be a compact subset of ¥. Suppose C1, C4, and C5 are satisfied. Then H y (-) &3 H (+)

uniformly on ‘P,

Proof. Let b, ,, () = limyoe E [0*Ly (%) /07 ;07,]. Then ‘62LN @) /07 07 = hy (w)( _
1> 2 @™ (Swywan + Awgwan)| < 2 20 0| (|Swywan| + [Awywan]) - (For the definitions of
Swywy.n and Aw,w, n, see the proof of Lemma B.3.) Given o'’ is bounded for v € ¥, we
have sup,,.@ ‘82LN () /0y ;0y k — hy 1y, (d))’ < MY >, (|Sw,wun|+ |Aw,win|). Recall that
Swy Wi N 2o (see the proof of Lemma B.3), and Ap,;w, n — 0. Therefore, *Ly () /0y ;07 &5
hy,-m (-) uniformly on .

Let hyja,k () = limy_oo E [82LN () /6yj6wk]. Also, let ¥y denote the (s, f)the element of
Q' (0Q/0w) Q7' Then &*Ly (v) /0y ;00 — Ry or ) = =222 Vsl Syumy v + Ay, n] +
> 2 2 Okt V1 [Swywan + Awywyn]- (For the definitions of Sy, v and 4, , v, see the proof of
Lemma B.3.) Because ¥, is a continuous function on ¥, and, therefore, bounded on ¥, and y; is bounded
for 9 € ¥, we have SUP 7 ‘GZLN () /0y j0wk — hy 0 (P)| < M S, (|SSWU-,N| + |Ay,vW£;,N|) +
MY 3> (ISwywan| + | Awgwan]). Given Syw, v =3 0, Swywun = 0, Ayw, v —> 0, and
Awwy.n — 0, we have Ly (+) /0y ;0w 8 hy ;e () uniformly on v,

Finally, from (20), we see that 0°Ly (¢)/0w;00; — E(GZLN(zb)/@a)jawk) =
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—en 2 s @) - E[s @) [} - e 5 s @) — B[ @]} Note that

S e - e[ @]] =, @ e UsmaT) s, (25)

1

where Uy (v) = N7'Y {w () wi (v) — E [u; () u; (v)']}. Because S.; is a vector of zeros and
ones, we see that the right-hand side of (25) is a sum of the elements of Q7! @ Q~'Uy (v) Q.
Therefore, if each element of this matrix converges almost surely to zero uniformly on ‘P, then
N7y {slﬁ-li () — [l(jl,z()]} 2% 0 uniformly on ¥. Similar arguments can be used to show
N7 { 1(12,2 [ 1(1212 (- )]} 23 0 uniformly on P.

To see that each element of Q7! ® Q7 'Uy () Q™' converges almost surely to zero uni-
formly, note that the matrix Q7' ® Q 'Uy () Q7! can be partitioned into 7 x 7T sub-matrices
of the form o™ Q~'Uy mQ' (¢ = 1,....,T, m = 1,...,T). Furthermore, the (j,k)th el-
ement of "Q'Uy Q' is o> > @SNV Auis (V) ui (v) — E [uis () uie (7)1}
And, by familiar arguments, we can show that the absolute value of this element is no
greater than M > >, ‘N“ > Muis (V) uir (v) — E [uis (77) ui ('7)]}} for € V. More-
over, N7'> Aui (M uie (V) — E[uis Muic MY = Syynv — 20V aSumen + Sym,n) +

Zq > 7 +Sw,w, N, and given v is bounded for ¢ € ¥, we have

1
s 1y 2 tuis @) i () =  fas () i (’7)]}‘
|SJ/3}’t,N| + MZ(|S sWtq,N| + \Sy,qu,N| + Z |SquWtrN|) : (26)
q r
Because the right-hand side (26) = 0 (see the proof of Lemma B.3), we have
N7 { ,(1,)k [ ,(lj)k € )]} 2 0 uniformly on ¥. Simliar arguments establish
N7y { l(zj)k [ l(zj)k (- )]} % 0 uniformly on ¥. It follows that &>Ly (-) /0w;00; —

E [82LN () /6a)jaa)k] 0 uniformly on \P.

Let hojay () = limyoo E [0*Ly () /0w;0].  We can establish E [0?Ly (-) /0w;0] —
he e (-) uniformly on ¥ by arguments paralleling those in the last two paragraphs. (For example,
in the foregoing derivations, replace N~ > Eluis () uje (7v)] with limy_, oo N -1 > Euis () uir (7)]

and N™' 3" uis () uie (v) with N7V E [uig () uis ()], Also, replace Sy, v, Sy mw,y.n> Sy, and
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Swyyw, N With Ay, Ny Ayowy Ny Ay, Ny and Aw w,, N.)

From the foregoing, we have %L y (-) /0w ; 0wy % he e (+) uniformly on v,

Proof of Theorem 2: The conclusions of Lemmas C.2 and C.3, the consistency of ;ﬁ, the continuity of
H (-) at v, and the nonsingularity of Hy = H (1) imply /N (@ — 1) AN (0, Hy'ToH ') (see
Newey and McFadden 1994, Theorem 3.1).

Appendix D: Theorems 3 and 4
The proofs of Theorems 3 and 4 are similar to the proofs of Theorems 1 and 2. For example, Conditions C1
and C2’ ensure the linear projection parameters in (8) exist and do not depend on i and the errors in wu; are
uncorrelated with the regressors in ;. Furthermore, the quasi log-likelihood ZlN: ! T(AO) is similar to the
quasi log-likelihood ZINII / ('(,bo), and, therefore, most of the technical details are the same as in Appendices
B and C and need not be repeated.

However, the conlusions of Theorems 3 and 4 depend on £ (WiTO_ ! ﬁi) = 0 being true, and the proof
of this result, though similar to the proof of Lemma 1, differs in some details. Therefore, the proof of

E (W/JiTO_ lﬂi) = 0 is provided in this appendix.

Lemma D.1. Suppose E (x7,) < oo and E (y?) < oo, for each i, ¢, and k, and Conditions C2’ and C3' are
satisfied. Then E (WiTO_ lﬂi) = 0.

Proof. Let

AX, 0

Given this definition, showing E (WITO_ lﬂ,-) = 0 consists of showing E (Z ;TO_ lﬂ,-) = 0 and
E [(0, Ayg’_j) To_lﬁi] = 0( = 1,...,p). Under the conditions of the lemma, the elements
of Z ; are uncorrelated with the elements of u;; hence, E (Z;.TO_ lﬁi) = 0. It remains to show
E [(0, Ayﬁj_j) To_lﬂ,»] —0.

This result can be established by arguments similar to those used in the proof of Lemma 1. Specifically,
let A&, = (Ayies Ayig—t, ..., Ay,-,t_pH)/, Agi = (Az,By + Aey, 0, ..., 0)/ and let F be defined as in
(15). Then we get A€;, = FAE;; + Agjy; and, fort > 2, we have A¢;,, = F'7'A&; + F 2 Agin +--- +
FAG; 1+ Ag;,. Let fr(S’) denote the (r, s)th element of F’. Then, the preceding implies Ay;; = fl(l1 A vi1+

fl(zl) Ayio+-- -+f1(117) Ayi_py2+ Az, By + Aejp; and, for t > 2, we have Ay, = fl(i_l)Ay,-l —|—fl(£_1)Ay,»0+
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o A i+ ST (AZBy + M) + -+ £ (A, By + Aeiimt) + A, By + Aeyy (see
the proof of Lemma 1).

Using these equations we can write Ay; _; as Ay, _; = Aj AE; + Ej (AX,-,BO + Aei), where Aj
is a (I — 1) x p matrix consisting of the first 7" — 1 rows of A; (see Eq. (18)) and f)’j isa(l'—1) x
(T — 1) matrix consisting of the first 7' — 1 rows and first 7 — 1 columns of B (see Eq. (19)). Recall
(Ayi—ps2s - - s Ay,-l)/ = [I,® (1, =) w0 + 7 for o = (o1 041, Ho2s Ot - - - » o p Gg,p)/ and r; =

(r,-l, e rip)/ (see Eq. (10)). Moreover, note that A§;, = I* (Ayi,_p+2, - Ayl-l)/ for p x p matrix

0 0 1
0 1 0
I =
1 0 0
Let
0 0
D=1 _ _
A;I" B,
Then some straightforward calculations give
( 0, Ay _; ) Yo' = (8, 7o) Z, DYy "% + WD) Yy . 27)

Because the elements of w; are uncorrelated with the elements of Z i» Wwe have
E [(ﬁg,ng) Z;D}To_l'ﬁi] = 0. Also, E(u,D’)Yy'w) = tu[Y;'E (wu;) D] = w(D}). But
tr(D’j) = 0, because the upper left-hand submatrix 0 in D; is square with zeros down its main diagonal

and B is a square matrix with zeros down its main diagonal, and, therefore, D ; has zeros down its main

diagonal. These observations and Eq. (27) prove £ [( 0, Ay _, ) To—l’{ti:| =0.
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Table 1: Simulation Designs

Design Design Parameters Design Design Parameters
No. to oy K o No. th 09 K o
1 50 04 0 1.0 9 1 04 0 1.0
2 50 04 0 2.0 10 1 04 0 20
3 50 04 1 1.0 11 1 04 1 1.0
4 50 04 1 2.0 12 1 04 1 20
5 50 09 0 1.0 13 1 09 0 1.0
6 50 09 0 2.0 14 1 09 0 20
7 50 09 1 1.0 15 1 09 1 1.0
8 50 09 1 2.0 16 1 09 1 20
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Table 2: Finite sample characteristics of estimators of dy (£ = 50, N = 100)

Design
o = 0.4 0o =0.9
homoskedastic? heteroskedastic? homoskedastic? heteroskedastic”
1 2 3 4 5 6 7 8

Ave. p 0.26 0.32 0.18 0.26 0.09 0.09 0.09 0.10
Ave. Rg 0.74 0.89 0.63 0.81 0.92 0.97 0.89 0.96
QML
bias 0.0007 0.0023 —0.0028 —0.0031 —0.0025 —0.0020 —-0.0015 —0.0048
rmse 0.0979 0.1080 0.1270 0.1590 0.0877 0.0899 0.1606 0.1797
DQML,
bias —0.0006 0.0019 —0.0009 —0.0026 —0.0032 —0.0029 —0.0042 —0.0080
rmse 0.1215 0.1195 0.2195 0.2199 0.0886 0.0893 0.1701 0.1793
DQMLA:E
bias —0.0010 0.0029 —0.0018 —0.0047 —0.0022 —-0.0024 -—-0.0107 —=0.0229
rmse 0.1280 0.1272 0.2206 0.2176 0.1544 0.1568 0.2551 0.2547
ECME;,
bias 0.0000 0.0003 —0.0027 -—0.0015 —0.0173 —-0.0161 —0.0381 —0.0367
rmse 0.0588 0.0593 0.0715 0.0742 0.0592 0.0587 0.0829 0.0845
ECME,,
bias —0.0005 —-0.0007 -0.0030 -0.0017 —0.0186 —0.0176 —0.0495 —0.0458
rmse 0.0579 0.0586 0.0740 0.0772 0.0596 0.0595 0.0981 0.0991
IFGLS},
bias —0.0001 —-0.0004 —-0.0012 —0.0009 0.0031 0.0040 —0.0108 —0.0092
rmse 0.0581 0.0587 0.0762 0.0785 0.0822 0.0825 0.1218 0.1220
DQMLy 1o
bias —0.0001 —0.0005 0.0002 —0.0004 0.0016 0.0021 —-0.0192 —0.0159
rmse 0.0585 0.0589 0.0808 0.0801 0.0805 0.0799 0.1180 0.1183
DQMLag, o
bias —0.0001 —0.0004 0.0000 —0.0005 0.0091 0.0095 —0.0132 —0.0105
rmse 0.0586 0.0591 0.0805 0.0795 0.0959 0.0953 0.1261 0.1253

(Table 2 continued on next page)
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Table 2 continued:

0o =04 0o =0.9
homoskedastic? heteroskedastic? homoskedastic? heteroskedastic?
1 2 3 4 5 6 7 8

DGMM

bias —0.0482 —-0.0516 —0.0623 —0.0742 —0.1113 —-0.1092 —-0.2178 —0.2252
rmse 0.0912 0.0946 0.1043 0.1173 0.1457 0.1444 0.2592 0.2671
SGMM

bias —0.0025 0.0497 —0.0380 —0.0049 0.0585 0.0782 0.0299 0.0628
rmse 0.0703 0.0965 0.0862 0.0853 0.0661 0.0814 0.0568 0.0718
OLS

bias 0.2186 0.2766 0.1601 0.2373 0.0526 0.0568 0.0370 0.0429
rmse 0.2231 0.2804 0.1688 0.2453 0.0619 0.0655 0.0536 0.0579

“For Designs 1, 2, 5, and 6, the errors are conditionally homoskedastic.
bFor Designs 3, 4, 7, and 8, the errors are conditionally heteroskedastic, but unconditionally homoskedastic.
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Table 3: Finite sample characteristics of estimators of dy (fg = 50, N = 500)

Design
0o =04 0o =0.9
homoskedastic? heteroskedastic” homoskedastic? heteroskedastic?
1 2 3 4 5 6 7 8

Ave. p 0.27 0.34 0.19 0.28 0.09 0.09 0.08 0.08
Ave. Rg 0.71 0.88 0.58 0.79 0.93 0.98 0.89 0.96
QML
bias 0.0006 0.0016 —0.0013 0.0006 0.0009 0.0007 —0.0015 0.0006
rmse 0.0410 0.0451 0.0509 0.0598 0.0366 0.0373 0.0592 0.0620
DQML,
bias 0.0001 0.0014 —0.0007 —0.0010 0.0002 —0.0001 —0.0030 —0.0010
rmse 0.0497 0.0489 0.0743 0.0742 0.0373 0.0373 0.0636 0.0634
DQMLA:E
bias 0.0000 0.0018 —0.0006 —0.0022 0.0005 0.0008 —0.0051 —0.0038
rmse 0.0529 0.0517 0.0766 0.0762 0.0586 0.0594 0.0890 0.0871
ECME;,
bias 0.0002 —0.0002 —-0.0014 0.0001 —0.0055 —-0.0054 -—-0.0182 —0.0159
rmse 0.0257 0.0260 0.0325 0.0330 0.0289 0.0299 0.0412 0.0418
ECME,,
bias 0.0002 —0.0002 —0.0012 0.0005 —0.0056 —0.0054 —-0.0214 —-0.0193
rmse 0.0257 0.0258 0.0335 0.0347 0.0291 0.0299 0.0486 0.0496
IFGLS;,
bias 0.0005 —0.0000 —0.0007 0.0008 0.0015 0.0012 —0.0031 —0.0011
rmse 0.0257 0.0258 0.0337 0.0348 0.0348 0.0353 0.0602 0.0625
DQMLy 1o
bias 0.0005 —0.0000 —0.0003 0.0009 0.0013 0.0009 —0.0034 —0.0020
rmse 0.0260 0.0259 0.0352 0.0354 0.0349 0.0352 0.0621 0.0623
DQMLag, o
bias 0.0005 —0.0000 —0.0003 0.0009 0.0031 0.0032 0.0010 0.0014
rmse 0.0260 0.0259 0.0351 0.0353 0.0412 0.0422 0.0715 0.0708

(Table 3 continued on next page)
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Table continued 3:

Design
o = 0.4 0o =0.9
homoskedastic? heteroskedastic? homoskedastic? heteroskedastic”
1 2 3 4 5 6 7 8

DGMM

bias —0.0095 —0.0109 —-0.0136 —0.0156 —0.0244 —0.0244 —0.0597 —-0.0621
rmse 0.0352 0.0373 0.0414 0.0459 0.0482 0.0496 0.0889 0.0909
SGMM

bias 0.0117 0.0113 0.0059 0.0075 0.0637 0.0704 0.0489 0.0597
rmse 0.0302 0.0317 0.0333 0.0351 0.0650 0.0721 0.0538 0.0644
OLS

bias 0.2351 0.2931 0.1787 0.2585 0.0645 0.0686 0.0505 0.0563
rmse 0.2359 0.2938 0.1802 0.2600 0.0660 0.0700 0.0531 0.0587

“For Designs 1, 2, 5, and 6, the errors are conditionally homoskedastic.
PFor Designs 3, 4, 7, and 8, the errors are conditionally heteroskedastic, but unconditionally homoskedastic.
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Table 4: Finite sample characteristics of estimators of dy (£ = 1, N = 100)

Design
0o =04 00 =0.9
homoskedastic? heteroskedastic? homoskedastic? heteroskedastic?
9 10 11 12 13 14 15 16

Ave. p 0.39 0.54 0.21 0.45 0.39 0.54 0.23 0.43
Ave. Rf 0.54 0.73 0.29 0.22 0.54 0.73 0.36 0.25
QML
bias 0.0000 0.0016 —0.0020 —0.0018 —0.0002 0.0000 —0.0020 0.0080
rmse 0.0681 0.0742 0.0737 0.0802 0.0330 0.0213 0.1091 0.1384
DQML,,
bias 0.0005 0.0015 —0.0009 0.0005 —0.0003 0.0005 —0.0013 0.0052
rmse 0.0723 0.0756 0.1838 0.1840 0.0369 0.0423 0.1181 0.1303
DQMLA:c
bias 0.0006 0.0015 —0.0035 —0.0026 0.0001 0.0026 —0.0081 —0.0030
rmse 0.0729 0.0758 0.1740 0.1745 0.0585 0.0747 0.1610 0.1838
ECME;,
bias —0.0012 0.0001 —0.0027 —0.0012 —0.0010 0.0001 —0.0126 0.0072
rmse 0.0466 0.0437 0.0553 0.0569 0.0281 0.0181 0.0807 0.0715
ECME,,
bias —0.0010 0.0002 —0.0233 —0.0296 —0.0006 0.0002 —0.1415 —0.0854
rmse 0.0458 0.0429 0.0723 0.0716 0.0293 0.0185 0.1763 0.1072
IFGLS,
bias —0.0009 0.0002 —0.0221 —0.0295 —0.0005 0.0002 —0.1203 —0.0846
rmse 0.0458 0.0429 0.0739 0.0716 0.0293 0.0185 0.1895 0.1083
DQMLm,ho
bias —0.0009 0.0002 —0.0371 —0.0345 —0.0005 0.0002 —0.1424 —0.0853
rmse 0.0459 0.0429 0.0758 0.0727 0.0296 0.0186 0.1808 0.1073
DQMLAw,ho
bias —0.0009 0.0002 —0.0371 —0.0345 —0.0005 0.0002 —0.1551 —0.0873
rmse 0.0459 0.0429 0.0758 0.0727 0.0298 0.0186 0.1847 0.1083
DGMM
bias —0.0305 —-0.0267 -—0.0198 —0.0260 —0.0132 —-0.0054 —-0.1018 —0.0721
rmse 0.0665 0.0644 0.0629 0.0723 0.0341 0.0207 0.1372 0.1022

“For Designs 9, 10, 13, and 14, the errors are unconditionally homoskedastic.
bFor Designs 11, 12, 15, and 16, the errors are unconditionally heteroskedastic.
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Table 5: Finite sample characteristics of estimators of dy (fp = 1, N = 500)

Design
0o =04 00 =0.9
homoskedastic? heteroskedastic? homoskedastic? heteroskedastic?
9 10 11 12 13 14 15 16

Ave. p 0.40 0.55 0.21 0.46 0.41 0.55 0.22 0.46
Ave. Rf, 0.52 0.72 0.22 0.17 0.52 0.72 0.23 0.17
QML
bias —0.0002 0.0000 —0.0008 0.0003 —0.0002 0.0001 0.0021 0.0010
rmse 0.0295 0.0308 0.0319 0.0338 0.0142 0.0092 0.0437 0.0472
DQML,,
bias —0.0002 0.0000 —0.0009 0.0018 —0.0001 0.0005 0.0017 0.0002
rmse 0.0312 0.0315 0.0583 0.0592 0.0158 0.0159 0.0472 0.0467
DQMLA:c
bias —0.0001 —0.0000 —0.0012 0.0015 —0.0001 0.0006 0.0004 —0.0008
rmse 0.0313 0.0317 0.0584 0.0594 0.0225 0.0229 0.0552 0.0565
ECME;,
bias —0.0003 —0.0002 —0.0011 —0.0006 —0.0004 0.0001 —0.0016 0.0007
rmse 0.0209 0.0194 0.0253 0.0259 0.0121 0.0079 0.0359 0.0302
ECME,,
bias —0.0002 —-0.0002 -0.0212 —0.0290 —0.0003 0.0001 —0.1445 —0.0874
rmse 0.0205 0.0192 0.0378 0.0417 0.0128 0.0081 0.1522 0.0921
IFGLS,
bias —0.0001 —=0.0002 —0.0209 —0.0290 —0.0002 0.0001 —0.1427 —0.0874
rmse 0.0205 0.0192 0.0377 0.0417 0.0128 0.0081 0.1531 0.0921
DQMLm,ho
bias —0.0001 —0.0002 —0.0351 -—=0.0339 —0.0002 0.0001 —0.1481 —0.0875
rmse 0.0205 0.0192 0.0462 0.0449 0.0129 0.0081 0.1553 0.0922
DQMLAw,ho
bias —0.0001 —0.0002 —0.0351 -—0.0339 —0.0003 0.0001 —0.1573 —0.0892
rmse 0.0205 0.0192 0.0462 0.0449 0.0130 0.0081 0.1634 0.0937
DGMM
bias —0.0064 —0.0062 —0.0053 —0.0063 —0.0029 —0.0011 —0.0220 —-0.0182
rmse 0.0273 0.0261 0.0259 0.0291 0.0138 0.0086 0.0457 0.0382

“For Designs 9, 10, 13, and 14, the errors are unconditionally homoskedastic.
bFor Designs 11, 12, 15, and 16, the errors are unconditionally heteroskedastic.
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